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ABSTRACT. We prove that hyperquadrics are the only n-dimensional nondegen- 
erate smooth complete intersections swept out by m > [§] + 1 dimensional quadrics. 
Furthermore, we show that the bound on m is optimal. 

1 Introduction 

We work over an algebraically closed field k of characteristic zero. Varieties 
in this paper are assumed to be irreducible, unless otherwise stated. In [EI] , 
Ein proved that if X is an n-dimensional smooth projective variety containing 
an m > § + 1 dimensional linear subspace il whose normal bundle is trivial, 
then X is an P m -bundle with il being a fiber. The bound on to was improved 
to to > § by Wisniewski in [Wij . Later on, Sato [Sa] studied n-dimensional 
smooth projective varieties swept out by m-dimensional linear subspaces, i.e. 
through every point of X, there passes an m-dimensional linear subspace. If 
to > he proved that either X is a projective bundle as above or rn = ^. In 
the latter case, X is either a smooth hyperquadric or the Grassmannian variety 
parameterizing lines in p m + 1 . 

Kachi and Sato studied the cases where linear subspaces are replaced by 
quadrics in |KSj . By a quadric Q C P*, we mean that Q is a hyperquadric 
in its linear span (Q) in ¥ N . More precisely, Kachi and Sato studied varieties 
swept out by large dimensional quadrics passing through a fixed point (SQF) 
as follows: 

X C P N is an n-dimensional smooth nondegenerate projective va- 
riety. There is a fixed point xo £ X such that for a general point SQF TO — type 
x G X, there exists an m-dimensional quadric Q x satisfying xq,x S 
Q X CX. 

In |KSj . Kachi and Sato showed in their main theorem 0.2 that if X is a 
variety of SQF m -type with m > + 1, n = 5, 6, 10, or m > > 4, n ^ 

5, 6, 10, and each Q x is smooth, then X is a hyperquadric. Later on, Fu showed 
that 



Theorem 1.1 ([Fu], Thm. 2, Prop. 3) Let X be a variety of SQF m -type. 

(i) If m > [§] + 2, then N = n + 1 and X C f> n+1 is a hyperquadric; 

(ii) If m > [f ] + 1, n > 3 and N > ?f, then X C F N is projectively 
isomorphic to one of the following: 
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(a) the Segre 3-fold P 1 x P 2 C P 5 ; 

(6) the Pliicker embedding G(l,4) C P 9 / 

(c) tte 10- dimensional spinor variety S 10 C P 15 ; 

(d) a general hyperplane section of (b) or (c). 

A natural question is to classify varieties of SQF m — type with N < 4p 
and 77i > [j] + 1. A conjecture of Hartshorne introduced in [Htlj states 
that if X C P N is a smooth projective variety of dimension n > ^f, then 
A C P w is a complete intersection. Hence, it is meaningful to classify varieties 
of SQF m — type which is also a complete intersection. Our result is a slightly 
more general. We study varieties swept out by large dimensional quadrics (SQ) 
as follows: 

X C ¥ N is an n-dimensional smooth nondegenerate projective vari- 
ety such that for a general point x G X, there is an m-dimensional SQ m — type 
quadric Q x satisfying x G Q x C X. 

In [BIj . Beltrametti and Ionescu studied varieties of SQ m — type with large m. 
They proved that if A is a variety of SQ m — type with n > 3, m > [^] + 2, then 
there is a morphism ir : X — > Z, which is the contraction of an extremal ray, 
such that 7r is either a scroll or a hyperquadric fibration and dim(Z) < n — m. 
Our result is also a complement of theirs. 

Theorem 1.2 Let X be a variety of SQ m -type with m > [§] + 1. If X C P N 

is a complete intersection, then N — n + 1 and X C P n+1 is a hyperquadric. 

For an n-dimensional Fano variety A, if the index i(A) = n — 1, then we call 
A a del Pezzo variety. The key point to prove Theorem 1.2 is to show that A is 
indeed a del Pezzo variety, which follows the idea of Fu in [Fuj . By Proposition 
3.1 in this paper, we can conclude that 

Remark 1.3 The bound m > [§] + l in Theorem 1.2 is optimal. In fact, if X C 
P n+2 is an n-dimensional smooth complete intersection of two hyperquadrics, 
then X is a variety of SQ m — type with m = [S]. 

If the ideal of A in the homogeneous coordinate ring of F N is generated by 
elements of degree two, then we call A a quadratic variety. By Theorem 4.8(3) 
in [IRj . Hartshorne's conjecture on complete intersections holds for quadratic 
varieties. As a corollary, we obtain the classification of quadratic varieties of 
SQF m -type with m > [f ] + 1 by Theorem 1.1 and Theorem 1.2. 

Corollary 1.4 Let X be a variety of SQF m — type with m > [5] + 1. If X is a 

quadratic variety, then X is a hyperquadric unless it is projectively isomorphic 
to one of four cases in Theorem 1.1(H). 
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2 Hypersurface Cases 

Let X C P-^ be a closed subscheme. Let Reg(X) and Sing(X) denote the regu- 
lar locus and the singular locus of X with reduced induced subscheme structures, 
respectively. A projective vatiety X C P N is called a projective hypersurface if 
X is a hypersurface in (X), where (X) is the linear span of X in P N . Define 
the dimension of the empty set to be -1. 

Proposition 2.1 ([Za], Cor. 1.2.20) Let X C P N be an n- dimensional pro- 
jective variety which is not a linear subspace of P N , and b = dim(Sing(X)). 
Then 

(i) X does not contain any linear subspace Y in P N with dim(Y) > [ g ]; 

(ii) If X contains a projective hypersurface Y with dim(Y) > [ N £ ], then 
X is a hypersurface in P N . 

Let X C P N be a projective variety. For a smooth point x G X, let T X X 
denote the embedding affine tangent space of X at x. Let T X X denote the 
closure of T X X in P N . 

Let X, Y C P N be two closed subschemes, and I(X) and I(Y) be the ideal 
sheaves of X and Y, respectively. Let X <l sc h Y denote the intersection in the 
scheme theory, i.e. X D sc h Y is the closed subscheme of P^ defined by the 
ideal sheaf I(X) + I(Y). Let X DY denote the corresponding reduced scheme 
red(X Dsch Y). 

Proposition 2.2 ([Za], Proof of Thm. 1.1.7) Let X C P N be an n- dimensional 
irreducible closed subscheme, and Z C X be an m-dimensional closed sub- 
scheme. If there exists a hyperplane H C P N such that Z\Sing(X) C Sing(Hn sc h 
X) as sets, i.e. Z [~1 Reg(X) C {x G X\T X X C H} as sets, then m < 
N — n + b, where b = dim(Z n Sing(X)) . In particular, if In — 1 — b > N , then 
Reg(Hn sch X)^9. 

Proposition 2.3 Let X C P'^ 1 be a smooth nondegenerate hypersurface. As- 
sume that X contains an m > [f] + 1 dimensional projective hypersurface Y , 
then deg(X) = deg(Y). 

Proof: Assume n > m+ 1. Let r = n — m, and L = (Y) be the linear span 
of Y. By Proposition 2.1, L <£. X . Choose r hyperplanes Hi, H2, ••• , H r such 

that L — f]Hi. Let L = P N ,X = X,L l = f] H J ,X l = X^iC\ sch L h i = 

1=1 j=i 
1, • • • , r. Let Zi — Sing(Xi), bi = dim(Zi), i = 0, 1, • • • , r. Then L = L r . 

Clearly, Li <£. Xi-i. We know that Xi is equidimensional for each i = 
0, 1, • • • , r, since Y is a hypersurface and L = L r X. For each component 
of Xi, we can apply Proposition 2.2. Clearly, bo = — 1. By Proposition 2.2, 
bi+i < dim(Li) — dim(Xi) + 6j = 1 + bi,i = 0, 1, • • ■ , r — 1. Hence, b r < r — 1. 
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Let X' = red(X r ) = Xf]L. Assume X' — [J Wj, where Wj are irreducible 

j=o 

components of X' . The equidimensionalness of X' implies that dim(Wj) — m = 
dim(Y),j = 0, 1, • • • , s. However, b r < r — 1 < rn — 2, since m > [§] + 1. Hence, 
X' C L = P' m+1 is irreducible, and Reg(X r ) ^ 0. Thus X' = Y, i.e. X f] L = Y. 
Let a be the multiplicity of the intersection of L and X along Y. If a > 2, then 
each point of the scheme Xf] sch L is not reduced. Hence, Reg(X (~} sch L) = 0. 
It is a contradiction. As a result, a = 1, and deg(X) = deg(Y). □ 

Corollary 2.4 Lei A C be an n- dimensional smooth projective variety 
which is not a linear subspace. If X contains an m > [ Af ~ 1 ] dimensional pro- 
jective hyper surface Y , then N = n + 1, and deg(X) = deg(Y). 

3 Complete Intersections of Two Hyperquadrics 

The main result of this section is the following: 

Proposition 3.1 Let X C P"+ 2 be a smooth complete intersection of two hy- 
perquadrics X\ and X2 ■ Then 

(i) X does not contain any m = [§] + 1 dimensional quadric. 

(ii) X is a variety of SQ rn — type with m = § when n is even. 

(Hi) Fix an arbitrary point xo € X . Let m = [^-j^-], then X is a variety of 
SQF m -type. 

Lemma 3.2 Assume that X C is an n-dimensional complete intersection of 
hypersurfaces X\, ■ ■ ■ ,X C , where c = codimpN (A). Let ii, • • ■ , i v G {1, • • ■ , c} 
be any v distinct numbers and Z be the complete intersection of A^ , • • • , A^ , 
then Reg{X) C Reg{Z), i.e. X n Sing(Z) C Sing(X). 

Proof: Let S = k[to,--- ,tw] be the homogeneous coordinate ring of F N 
and I{Xi) = (fi), then /(A) = (A,-" ,/ c )- At any regular closed point x £ 
Reg{X) 1 the rank of the matrix (^ l ) cx (n+i) is c i hence the rank of the matrix 

(~^[ L ) v x(N+i) is v. As a result, x S Reg(Z). □ 

Proposition 3.3 ([Ht2j, Rmk. III.10.9.2 Bertini's Theorem) If X is a 

smooth projective variety over k. Let a be a linear system with base locus E, 
then a general member of a has singularities only at S. 

Lemma 3.4 Assume X C P N is an n-dimensional complete intersection of hy- 
persurfaces Ai, • • ■ , A C7 where c = codimpN (A) and deg{X\) = ■ ■ ■ = deg{X c ) 
ri . Let Zi, ■ ■ ■ , Z t be general t < c hypersurfaces of degree d. Assume that all 
Zi,--- ,Zt contain X. Let Z denote the complete intersection of Z±,--- ,Z t . 
Then Sing(Z) C Sing(X). 
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Proof: Let a be the linear system defined on P which is composed of 
hypersufaces which are of degree d and contain X. Then the base locus of <j is 
just X. 

If t = 1, Z\ is general, then Sing(Zi) C X by Proposition 3.3. We can 
choose other c — 1 hypersurfaces Zi,2, ■ ■ • , Z\ c of degree d containing X such 
that X is the complete intersection of Z±,Zi t 2," m ,Zi,c- Then Lemma 3.2 
implies Sing(Z\) C Sing(X). 

Assume the conclusion holds for t — 1 > 1 . Let W be the complete intersec- 
tion of Z\, ■ ■ ■ , Z t -\. Then Sing(W) C Sing(X) by induction. The restriction 
on W of a gives a linear system a' with base locus X too. Since Z t is gen- 
eral, Sing(Z t r\ sc h W) C X by Proposition 3.3, i.e. Sing(Z) C X. Thus, 
Sing(Z) C Sing(X) by Lemma 3.2. □ 

Let X C P^ be a projective variety, and i £ X be a fixed point. Let 
£a; im (X) = {L £ G(to, X)|x G L C X}, where <&(m,N) is the Grassmannian 
variety parameterizing m-dimensional linear subspaces in P^ 

Lemma 3.5 If X C P" +1 is a hyperquadric with dim(X) = n > 2, and m 
is a positive integer no more than [S], i/ien /or any point x € X, we have 

T x xnx= u l. 

£e£*, m (x) 

Proof: Induction on to. The case m — 1 is trivial. 

Assume m > 1, then n > 4. If x G Reg(X), then T K A n X is a cone over an 
n = dim(X) — 2 > 2 dimensional quadric X' with the vertex cc. By induction, for 
any point x' G X' , T^/X'nA' = (J L'. In particular, £ x , ^^{X') ^ 

i'e£.', m -i(^') 

0. Take V G £ x / im _i(X'). Let L = (x,L') be the linear subspace spanned by x 
and L', then x' G L G ^^(X). As a result, T X X n X = {J L. 

LG£ x , m (X) 

If x G Sing(X), then X is a cone with x being a vertex and T X X D X = 
X. Take a general hyperplane section X with x ^ X. We can deduce that 
T X X n X = |J L by taking the same argument as above where X' is 

replaced by X. □ 

Proposition 3.6 ([Sa], Main Thm.) Let X C P N be an n > 2 dimensional 
smooth projective variety. Assume that m is an integer no less than \. If 
for each point x G X, there is an m-dimensional linear subspace L x satisfying 
x G L C X , then X is one of the following three cases: 

(i) an ¥ n ~ a -bundle over an a-dimensional smooth projective variety S where 
a general linear subspace L x is in the fiber of the canonical projection and < 
a < n; 

(ii) an even- dimensional smooth hyperquadric; 

(Hi) the Grassmiannian variety G(l,m + 1) parameterizing lines in p m + 1 . 
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Proof of Proposition 3.1: Let S be the homogeneous coordinate ring of 
P"+ 2 and J(Xi) = (f 1 ),I(X 2 ) = (/ 2 ). By Lemma 3.4, we can assume that ATi 
and A 2 are both smooth. 

(i) Assume that X contains an m = [^] + 1 dimensional quadric Q. Let 
L = (Q) be the linear span of Q in P"+ 2 . We know L <£ X u L £ X 2 and L X 
by Proposition 2.1. This implies L D sc h X\= L V\ sc h X 2 = Q. Thus LC\X = Q, 
and there exists A G fc* such that 7r(/i) = Xn(f 2 ), where 7r is the natural 
morphism S -+ S/J(L). Let / 3 = /j - A/ 2 ,X 3 = V(/ 3 ) = Proj(S/(f 3 )), then 
7r(/3) = 0,LCI 3 and /(A) = (/i,/ 3 ), which implies that X is the complete 
intersection of Xi and A 3 . However, L C A 3 implies dim(Sing(X 3 j) > 1 by 
Proposition 2.1. Then by Lemma 3.2, = Sing(X) D X\ n Sing(X 3 ) ^ 0. It is 
a contradiction. 

(m) Assume n to be even, /i, / 2 are quadratic forms and they uniquely corre- 
spond to symmetric coefficient matrices A\ and A 2l respectively. The equation 
det(XiAi+X 2 A 2 ) = has a solution for some [Ai, X 2 ] G P 1 . Equivalently, there is 
a singular hypcrquadric A3 containing A. By Lemma 3.2, dim(Sing(X 3 )) = 0. 
Thus, A3 has only one singular point p. 

We can assume that Ai is different from A3. Take a general hyperplane 
section A3 of A3. Then X' 3 is smooth. Take any point x E A, the line (p,x) 
meets A3. Let q be an intersecting point. Through the point q € A3 there is 
an ^-dimensional subspace L' satisfying that q 6 L' C A 3 by Lemma 3.5. Let 
L = (p, L') be the linear subspace spanned by p and V in P™+ 2 . Then i C A 3 
and x e LdschXi. Moreover, L C Ai, or Ln sc /jAi is an ^.-dimensional quadric. 

We claim that if x G A is general, then L <j-X\ and Lf) sc h X\ is reduced and 
irreducible. Otherwise, for a general point x G A, there is an ^.-dimensional 
linear subspace L x satisfying that x G L x C A. On the other hand, C/iown^X) 
is a projective scheme, where Cft.o«;™ .i(A) is the Chow variety parameterizing 
cycles of dimension ^ and degree 1 on X. Hence, for an arbitrary point x G 
X, there is an ^-dimensional linear subspace L x satisfying that x G L x C 
A. By Proposition 3.6, X cannot be a smooth complete intersection of two 
hyperquadrics. 

{in) Fix an arbitrary point xq G A. Let Z = {V(f)\f = A1/1+A2/2, [Ai,A2] G 
P 1 }. By Lemma 3.2, for any Z e Z, x e Reg(Z). Let B = jj (T X() Z n A). If 

i? C AT, then it is a possibly reducible variety of pure dimension n — 1. On the 
other hand, for any ZeZ, T I() Znl is a divisor of A and as a closed subscheme 
of P™+ 2 , deg(T X0 Z n A) < 4. Hence, there is a divisor D with Supp(D) C S 
such that for general Z E Z, T Xo Z D X = D. However, if Z\,Z 2 G Z are 
different hyperquadrics, then X = Z\ C\ sc h Z 2 and T Xa Zi n T I0 Z 2 = T 2o A. 
Thus (T Xa Zi n A) n (T2, Z2 n A) = T Xo X n A is a subvariety of codimension 
two of A and f Xo Z\ n A 7^ T Xo Z2 H A. It is a contradiction. As a result, 

x = b = U (Txo^nA) c u (T I0 znz). 



6 



Thus, take a general point x G X, there exist some Z\ G Z such that x G 
Ta; Zi n Z\. By Lemma 3.5, there exists an [^^J-dimensional linear subspace 
L x in P™+ 2 such that x$ , x G C Zi . Take any Z 2 G Z different from Zi . 
Then X = Z\ f\ S ch %2 is a complete intersection. By the generality of x G X, 
L x Z 2 , and Q x = L x n sc h Z 2 C X is an [^^p-J-dimensional irreducible and 
reduced quadric passing through xq,x. □ 



4 Proof of Theorem 1.2 

If X is a Fano variety, H is an ample divisor such that —K(X) = i(X)H, then 
we call H the fundamental divisor of X. 

Proposition 4.1 ([PS], Thm. 3.3.1) Let(X,H) be an n- dimensional smooth 
del Pezzo variety of degree d, i.e. for the fundamental divisor H, d = H n . As- 
sume that n > 5. Then Y is one of the following: 

(i) d = 1, and X is a hypersurface of degree 6 in the weighted projective 
space P(3,2,l,-- - ,1); 

(ii) d — 2, and X is a hypersurface of degree 4 in the weighted projective 
space P(2,l, ••• , 1); 

(Hi) d = 3, and X — X% C p™+ 1 is a cubic hypersurface; 

(iv) d — 4, and X — X4 C P„ + 2 is a complete intersection of two hyper- 
quadrics; 

(v) d = 5,n<6, and X — X§ C P"+ 3 is the Grassmannian G(l, 4) C P 9 or 
a general hyperplane section of it. 

Proposition 4.2 ([PS], Cor. 2.1.14) Let X be an n- dimensional smooth del 
Pezzo variety over an algebraically closed field K of any characteristic. If H is 
a fundamental divisor on X , and d = H n , then dimK(H°(Ox(H))) = d+n—1. 

Proposition 4.3 Let X C F N be an n > 5 dimensional nondegenerate smooth 
del Pezzo variety with Pic(X) = Z. If X contains an m > [§] + 1 dimen- 
sional quadric Q, then X is projectively isomorphic to G(l,4) CP 9 or a general 
hyperplane section of it. 

Proof: We discuss the five cases of Proposition 4.1 respectively. Let D 
be any hyperplane section of X C F N . Since m > 3, X contains lines. 
Hence, D is the fundamental divisor of X. Since X is nondegenerate in ¥ N , 
dim(H°(O x (D))) > N+l. Hence, by Proposition 4.2, D n = d> N-n+2 > 3. 
Thus cases (i) and (ii) are impossible. 

Proposition 2.3 implies that case (Hi) is impossible. 

By Proposition 3.1, case (iv) is impossible. 

The possibility of case (v) follows from Example 2.5 of |Ruj . □ 
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Let X C P^ be an n-dimensional projective variety, and x G Reg(X). Let 
L x ,x Q P(Ta,X) = P™ -1 be the Hilbert scheme of lines contained in X passing 
through x. 

Proposition 4.4 ([FuJ, Proof of Lem. 4) Let X C P^ be a variety of SQ m — type 
with n > 2, m > 1. Let a; € X &e a general point. Ifh Xt x Q P n_1 is a hyper- 
surface, then l^x,x Q P™ _1 is a smooth hyperquadric and N = n + 1,X C p ra + 1 
is a smooth hyperquadric. 

Proposition 4.5 ([IR], Thm. 2.4(3); [Ko], Cor. II.3.11.5) Let X C F N 

be an n-equidimensional smooth complete intersection of c = N—n hypersurfaces 
Xi with deg(Xi) = di > 2, where X is a possibly reducible variety. Let d — 

E(*-l). 

(«) If n — 1 < d, i/ien /or a general point x G X, L r j = 0. 

(u) If n — 1 > d, then for a general point x G X , ~h Xt X C p n_1 js an 
l-d)-equidimensional smooth complete intersection of d hypersurfaces Yi t j with 
deg(Yij) = j , for i = 1, • ■ • , c, j = 2, ■ ■ • , dj, and IL^x is a possibly reducible 
variety. 

Proposition 4.6 ([Za], Prop. 1.2.10) Let X C P^ &e a nondegenerate smooth 
complete intersection over an algebraically closed field K of any characteristic, 
where X is a possibly reducible variety. Let P = {(x, a) G X x P N *)\H a D T X X}, 
where ¥ N * is the dual projective space of F N and H a denotes the hyperplane in 
P N corresponding to a G P^*. Let 7* : P — > ¥ N * denote the restriction of the 
second projection of X x ¥ N * on P. Then 7* is a finite morphism. 

Proposition 4.7 ([Z^, Proof of Prop. 1.2.16) Let X C ¥ N be an n-dimensional 
nondegenerate smooth projective possibly reducible variety with N — n > 2. 
If Q Q X is an r-dimensional closed subvariety with L = (Q) the linear 
span of Q such that dim(L) — m and codim^Q) < codimpN(X) — 1, i.e. 
m + n — r < N — 1, then there is a hyperplane H C P N such that Q C H 
and Z = {x G X\T X X C H} ^ 0. Moreover, for each such H, we have 
2r — n < dim(Z) < N — n — 1. 

Proof of Theorem 1.2: Cases n = 1 and n = 2 are trivial. 

Hence, we assume n > 3. Suppose that X is the complete intersection of 

c 

c = N — n hypersurfaces Xi with deg(Xi) — di > 2. Let d = (dj — 1). 

i=l 

Let £> be a hyperplane section of X. Since X C P^ is an n > 3 dimensional 
variety which is covered by conies, X is a Fano variety with the Picard group 
Pic{X) = Z[D] and i(X) =n+l-d. 

Moreover, n > 3 implies m > [5] + 1 > 2. Thus for a general point x £ X, 
hc.x 2 Lx.q, 7^ 0- By Proposition 4.5, d < dim(X) - 1, h x>x C P'^ 1 is a 
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nondegenerate smooth complete intersection and Jj x ,x is a possibly reducible 
variety. 

If n = 3, then d < 2, since d < dim(X) - 1. If n = 4, then m > [f ] + 1 > 3. 
Thus dim(L Xi x) > dim(h x Q a ) > 1 for a general point x X. On the other 
hand, dim{h X} x ) = ipO — 2. Hence, d = n + 1 — i(X) < 2. As a result, in both 
cases n = 3 and n = 4, we have d < 2. Thus, X C P^ is a hypersurface or the 
complete intersection of two hyperquadrics. By Proposition 2.3 and Proposition 
3.1, X C P^ is a hyperquadric. 

In the following, we will assume that n > 5 and X is not a hyperquadric. 
We firstly prove that X is an odd-dimensional del Pezzo variety with Picard 
group Pic(X) = Z. 

By Proposition 4.4, for a general point dimfL^x) < n — 3. Clearly, 

Lx,Q x is an m— 2 > 1 dimensional quadric. Then there is a hyperplane H C p™ -1 
containing the linear span of L Xj q x and T x (L Xi x)- For any such H, H is tangent 
to L x ,x along some variety Z and Z = {y G IL^^ |Tj,(L x .x) C H} 7^ as a set. 
By Proposition 4.7, 2(m — 2) — <iim(L Xi x) < dim(Z) < n — 2 — <iwn(L Xi x)- 

On the other hand, let P = {(y,a) G "L x ,x x P"- 1 *)!^ 5 T y (L K! x)}- De- 
fine 7* : P — > P™" 1 * as that in Proposition 4.6. By Proposition 4.6, 7* is a 
finite morphism . Thus dim(Z) — 0. Then n is odd and dim(h X} x) = n — 3, 
i.e. X C P N is a smooth del Pezzo variety with dim(X) = n < 5 being odd and 
Pic(X) = Z. 

By Proposition 4.3, X C P w is projectively isomorphic to a smooth hyper- 
plane section of G(l, 4) C P N . As is well known, G(l, 4) C P 9 is nondegenerate, 
and <%(G(1,4)) = 5 (see, for example, [Hr] p.247). Thus, deg(X) = 5. By 
assumption, X C {X) is a complete intersection, where {X} is the linear span 
of J in P 9 . The degree of X implies that it is a hypersurface in (X). As a 
result, G(l,4) C P 9 contains a 5-dimensional projective hypersurface X, which 
is contradicted with Proposition 2.1. This completes the proof of Theorem 1.2. 
□ 
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